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Abstract
We derive the expressions for canonical energy, momentum, and angu-
lar momentum for multiple metric theories. We prove that although the
metric fields are generally interacting, the total energy is the sum of con-
served energies corresponding to each metric. A positive energy theorem
is given as a result. In addition, we present an Hamiltonian formalism for
a subgroup of multi-metric theories.
1 introduction
Energy, momentum and angular momentum are fundamental concepts in physics.
In the framework of special relativistic field theory, i.e. a non-dynamical
Minkowski background, those conserved quantities are defined as the space in-
tegration on the currents corresponding to invariance of the action under time
and space translations and rotations. The energy and momentum defined in this
way are known as “canonical”. An angular momentum can be derived from a
symmetric energy momentum tensor. The canonical energy momentum tensor
is not symmetric, but it can be symmetrized using the “Belinfante Procedure”
[3]. There is another way for obtaining an energy momentum tensor, by varying
the action with respect to the background metric, then estimate the outcome
“on shell”. The second procedure gives a symmetric tensor by definition, and
can be shown to be equivalent to the canonical procedure.
The concept of energy and its conservation in general relativity has been a mat-
ter of debate for a long time. It can be defined in a coordinate system which
is asymptotically Minkowski (and for other background metrics, see [4] ), and
has a non-tensorial character under general coordinate transformation. Aside
from the canonical procedure , an energy momentum pseudo-tensor can be con-
structed from the metric field equation. There are a few known procedures for
doing so (the procedures of Weinberg [1] and of Landau and Lifshitz [2] yield
directly symmetric pseudo-tensors), and they do not give the same result, al-
though often equal in their whole-space integrals.
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Multiple metric theories are theories with more than one second-rank ten-
sor, that, beside being a dynamical field, is used for raising and lowering indices,
and for the construction of affine connection. Recently they arose as a possible
procedure for modifying general relativity. Milgrom suggested “Bimond”[5]- a
theory with two metrics: One metric is coupled to matter, and so determines the
motion of test particles, and the other, a “twin metric”, is used to construct,
with the first (ordinary) metric, an interaction term. That interaction term
becomes dominant at low accelerations (the MOND regime), and the theory
can produce flat rotation curves with less amount of dark matter than General
Relativity needs in order to explain the phenomena.
It should be noted that a large set of multiple-metric theories that can be approx-
imated by the Pauli-Fierz action suffer from Boulware-Deser ghost instabilities
[6]. A sub-set of these theories that avoid the ghost problem, has been con-
structed [8], but recent developments [7] cast doubt on the relevance of these.
However, BiMOND gravity theories are outside the framework of this debate,
since these theories are intended to give the MOND potential in the weak field
limit (for the flat rotation curve phenomenon), and not the Newtonian poten-
tial, and therefore cannot be linearized near the double Minkowski metrics, and
cannot be approximated by the Pauli-Fierz action.
An expression for the energy of a multiple metric theory can be used for
determining its stability and validity and for generating a dynamics for the
system.
2 Total energy is separable
In the following we find an expression for the total energy-momentum pseudo-
tensor of a multiple metric theory, and prove that it is the sum of energy-
momentum pseudo-tensors; each one can be numerically determined by one
metric, and formally is the same as we get from non-interacting general relativ-
ity (Einstein-Hilbert action)systems.
Without loss of generality, we take the number of metrics to be two. The
proof is valid for any number of metrics .The action is:
S =
∫
Ld4x =
∫
(αLG + βLˆG + Lint)d
4x (1)
where the scalar densities in the parentheses are the Einstein-Hilbert scalar
density for the metric gµν ,LG = − 116piGR
√−g, a scalar density for the twin met-
ric gˆµν , LˆG = − 116piG Rˆ
√−gˆ , and an interaction term which depends on both
metric and other fields and their derivatives, i.e., Lint[gµν ; gµν,ρ; gˆµν ; gµν,ρ;ψ;ψ,ρ],
where ψ symbolizes any other fields with any tensorial properties. The coeffi-
cients α and β are any constants.
The total energy momentum pseudo-tensor for the system is the conserved
current we get from invariance with respect to translation. This is the canonical
energy momentum pseudo-tensor
Θαβ = −Lδαβ + glm,α
∂L
∂glm,β
+ gˆlm,α
∂L
∂gˆlm,β
+ ψ,α
∂L
∂ψ,β
(2)
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Separating the Lagrangian density contributions, we write this as
Θαβ = α
(
−LGδαβ + glm,α
∂LG
∂glm,β
)
+ β
(
−LˆGδαβ + gˆlm,α
∂LˆG
∂gˆlm,β
)
+
+
(
−Lintδαβ + glm,α
∂Lint
∂glm,β
+ gˆlm,α
∂Lint
∂gˆlm,β
+ ψ,α
∂Lint
∂ψ,β
) (3)
The first two terms on the right side of the equation are recognized as the
gravity and twin gravity energy momentum pseudo tensors. Each one of them
functionally depends on one and only one metric field, and its form does not
depend on the interaction. It corresponds to the nonlinear part (with respect
to the deviations of the field from the Minkowski metric) of the Einstein tensor.
Now we would like to show that the energy momentum pseudo-vector that
corresponds to the third term is equal to the sum of contributions from the
energy-momentum source terms for each metric field equation.
2.1 Interaction term is separable
We shall now prove that:∫ (
−Lintδ0α + glm,α
∂Lint
∂glm,0
+ gˆlm,α
∂Lint
∂gˆlm,0
+ ψ,α
∂Lint
∂ψ,0
)
d3x = ∫(√−gT 0α+
√
−gˆTˆ 0α)d3x
(4)
where
T βα ≡ gαν
2√−g
δSint
δgνβ
; Tˆ βα ≡ gˆαν
2√−gˆ
δSint
δgˆνβ
We use Ohanian’s proof [9] for equality of volume integrals of energy momen-
tum tensor and the canonical energy momentum for the matter field, and we
generalize it for interaction with more than one metric field.
The variation of the scalar density Lint , under an infinitesimal coordinates
transformation δxµ = ξµ(x) , is:
δLint = −(Lintξµ),µ (5)
On the other hand, the variation as a functional of metric and metric varia-
tions is:
δLint =
∂Lint
∂gaν
δgaν +
∂Lint
∂gˆaν
δgˆaν +
∂Lint
∂gaν,µ
δgµν,µ +
∂Lint
∂gˆaν,µ
δgˆaν,µ +
∂Lint
∂ψ
δψ +
∂Lint
∂ψ,µ
δψ,µ =
=
δLint
δgaν
δgaν +
δLint
δgˆaν
δgˆaν +
δLint
δψ
δψ +
(
∂Lint
∂gaν,µ
δgaν +
∂Lint
∂gˆaν,µ
δgˆaν +
∂Lint
∂ψ,µ
δψ
)
,µ
(6)
From (5),(6) and the equation of motion δLint
δψ
= 0, we get
(
−Lintξµ − ∂Lint
∂gaν,µ
δgaν − ∂Lint
∂gˆaν,µ
δgˆaν − ∂Lint
∂ψ,µ
δψ
)
,µ
=
δLint
δgaν
δgaν +
δLint
δgˆaν
δgˆaν
(7)
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First, from the right hand side of (7) we obtain:
δLint
δgaν
δgaν +
δLint
δgˆaν
δgˆaν =
=
δLint
δgaν
(−gaαξα,ν − gανξα,a − gaν,αξα) +
δLint
δgˆaν
(−gˆaαξα,ν − gˆανξα,a − gˆaν,αξα) =
= (
√−gT aνgaαξα),ν −
√−gT aν;ν gaαξα + (
√
−gˆTˆ aν gˆaαξα),ν −
√
−gˆTˆ aν:ν gˆaαξα
(8)
where the ”;” and ”:” indicate covariant derivatives with respect to the metric
and twin metric respectively. However
√−gT aν;ν gaα +
√
−gˆTˆ aν:ν gˆaα =
√−gT να;ν +
√
−gˆTˆ να:ν = 0 (9)
The above equation is true because from a variation of the interaction action,
a scalar, under coordinate transformation x′µ = xµ + ξµ, we get:
δSint =
∫
d4x
(
δLint
δgaν
δgaν +
δLint
δgˆaν
δgˆaν +
∂Lint
δψ
δψ
)
=
=
∫
d4x12
(√−gTµνδgµν +√−gˆTˆµνδgˆµν + 0) = 0
(10)
(raising and lowering indices for variations in a specific metric, carried out using
the same metric). Substituting δgµν = ξµ;ν + ξν;µ and δgˆµν = ξµ:ν + ξν:µ, and
making use of the symmetry of Tµν and Tˆµν , we have:
δSint =
∫
d4x
(√−gTµνξµ;ν +√−gˆTˆµνξµ:ν) = 0
=
∫
d4x
(√−g ((T νµ ξµ);ν − T νµ;νξµ
)
+
√
−gˆ
(
(Tˆ νµ ξ
µ)
:ν
− Tˆ νµ:νξµ
)) (11)
The first and third addends in the integrand can be written in the form
(T νµ ξ
µ);ν
√−g = ∂
∂xν
(√−gT νµ ξµ) (Tˆ νµ ξµ):ν√−gˆ = ∂∂xν
(√
−gˆTˆ νµ ξµ
)
and drop out as surface integrals. . The variations ξµ are arbitrary, and we
therefore obtain (9).
The right side of (7) is now in the form:
((
√−gT aνgaα +
√
−gˆTˆ aν gˆaα+)ξα),ν (12)
For the variations of the metrics in the left side of (7) we insert δglm =
−glm,µξµ − glµξµ,m − glmξµ,µ and δgˆlm = −gˆlm,µξµ − gˆlµξµ,m − gˆlmξµ,µ, and for
the variation of the field ψ we use the more general expression:
δψA = −ψA,αξα − ΛABαβξα,βψB
where capital letters A,B stands for all the tensorial indexes of the field ψ
and ΛABα
β is a constant matrix, the exact form depends only on the tensorial
properties of ψ. We get:(
−Lintξµ − ∂Lint
∂glm,µ
(−glm,ρξρ − glρξρ,m − glmξρ,ρ)− ∂Lint∂gˆlm,µ
(−gˆlm,ρξρ − gˆlρξρ,m − gˆlmξρ,ρ)
)
,µ
+
+
(
∂Lint
∂ψA,β
(
ψA,αξ
α + ΛABα
βξα,βψB
))
,µ
=
((√−gT aνgaα +√−gˆTˆ aν gˆaα) ξα)
,ν
(13)
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Collecting coefficients of first derivatives of ξµ from (13) , we get the equa-
tion:
−Lintδβα +
∂Lint
∂glm,β
glm,α +
∂Lint
∂gˆlm,β
gˆlm,α + ψA,α
∂Lint
∂ψA,β
+
(
∂Lint
∂glβ,µ
glα +
∂Lint
∂gˆlβ,µ
gˆlα +
(
∂Lint
∂glm,µ
glm +
∂Lint
∂gˆlm,µ
gˆlm
)
δβα +
∂Lint
∂ψA,µ
ΛABα
βξα,βψB
)
,µ
=
=
√−gT aβgaα +
√
−gˆTˆ aβ gˆaα
(14)
We would like to show that the third addend in the left hand side of (14) is a
divergence of an anti-symmetric tensor. For this we collect the addends with
the second derivatives of ξµ from (13). The equation is:(
∂Lint
∂glβ,µ
glα +
∂Lint
∂gˆlβ,µ
gˆlα +
(
∂Lint
∂glm,µ
glm +
∂Lint
∂gˆlm,µ
gˆlm
)
δβα +
∂Lint
∂ψA,µ
ΛABα
βξα,βψB
)
ξα,β,µ = 0
(15)
Since ξα,β,µ is symmetric in β and µ, its coefficient should be anti-symmetric in
the same indices to satisfy this equation. Therefore,(
∂Lint
∂glβ,µ
glα +
∂Lint
∂gˆlβ,µ
gˆlα +
(
∂Lint
∂glm,µ
glm +
∂Lint
∂gˆlm,µ
gˆlm
)
δβα +
∂Lint
∂ψA,µ
ΛABα
βξα,βψB
)
,µ
=W [βµ]α,µ
Inserting this equation in (14), we get:
− Lintδβα + glm,α
∂Lint
∂glm,β
+ gˆlm,α
∂Lint
∂gˆlm,β
+W [βρ]α,ρ =
√−gT aβgaα +
√
−gˆTˆ aβ gˆaα
(16)
That means that the expression on the left side is different from the expression
on the right side by a divergence of an anti-symmetric (pseudo-)tensor, and
three-space integration on both sides would give the same result. Statement (4)
is therefore proven.
2.2 Dependence on metrics is separable
Now, we want to clarify the fact that although the contribution to the energy
momentum from the interaction term for each field equation seems to be func-
tionally dependent on both metrics, then, from the field equations, we can see
that they can be brought to a form which depends on only one metric. The
right hand side of the equations
δSint
δgµν
= −α δSG
δgµν
δSint
δgˆµν
= −β δSˆG
δgˆµν
is functionally dependent on only one metric, so the left side is determined
numerically by only one metric. The contribution from the gravity term (first
two addends in (3)) is manifestly dependent on one and the same metric, so
the total energy momentum contribution from each field equation depends on
only one metric. More specifically, we’ve seen that the (non-symmetric) energy
momentum pseudo tensor is equivalent to (up to space integration)
Θµν =(
α
(
−LGδµν + glm,ν
∂LG
∂glm,µ
)
+ 2gαν
δSint
δgαµ
)
+
(
β
(
−LˆGδµν + gˆlm,ν
∂LˆG
∂gˆlm,µ
)
+ 2gˆαν
δSint
δgˆαµ
)
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Inserting
δSint
δgαµ
=
α
32piG
√−g(Raµ − 12gαµ)
δSint
δgˆαµ
=
β
32piG
√
−gˆ(Rˆaµ − 12 gˆαµ)
We get (up to three-space integration)
Θµν =
1
16piG
∂
∂xβ


α
gµσ√−g
∂
∂xα
(−g)(gνσgαβ − gναgσβ)+
β
gˆµσ√−gˆ
∂
∂xα
(−gˆ)(gˆνσ gˆαβ − gˆναgˆσβ)

 (17)
Each one of the two addends is manifestly divergence free, because they
are anti-symmetric in β and ν , so there are two conserved energy momentum
(pseudo)vectors, each one numerically determined by one metric alone.
In fact, since we proved that the total energy-momentum pseudo-tensor is a sum
of contributions that we get from general relativity actions for each metric, we
can use a known result for the symmetric energy-momentum pseudo-tensor of
general relativity, derived using the Belinfante procedure [10].
The symmetric energy-momentum pseudo-tensor for the multiple-metric system
is then:
Θµν =
1
16piG
∂
∂xα
∂
∂xβ
[
α
√−g(ηµνgαβ − ηανgµβ + ηαβgµν − ηµβgαν)+
β
√
−gˆ(ηµν gˆαβ − ηαν gˆµβ + ηαβ gˆµν − ηµβ gˆαν)
]
(18)
With this symmetric pseudo-tensor the angular momentum of the multiple met-
ric system can be well defined.
2.3 Boundary conditions
The energy momentum pseudo-tensor Θµν and the energy-momentum pseudo-
vector Pµ =
∫
Θµ0d3x are Lorentz-covariant, i.e. are tensor and vector under
Lorentz transformations of the coordinate system. In order to insure finiteness
and meaning of the quantity Pµ we demand asymptotic behaviour from the
interaction energy momentum tensors
T νµ = O(r
−4) Tˆ νµ = O(r
−4)
(in general relativity one can often assume an isolated system of masses so
T νµ = 0 outside a bounded region of space), and we assume asymptotic behaviour
for the metric fields as r →∞:
gµν ≃ ηµν +O(r−1) , gˆµν ≃ ηµν +O(r−1)
so the gravity and twin gravity energy momentum pseudo tensors, which are
quadratic in the derivatives of the metrics (first two terms in (3), resulting from
the Einstein scalars, G and Gˆ), go like r−4.
The total energy momentum tensor, then, has the asymptotic behaviour Θµν =
O(r−4) so its integral over three-space converges, and has the same numeric
value for every infinite spacelike hypersurface.
The energy momentum Pµ is also invariant under any coordinate transformation
that tends to the identity at infinity, and preserving the boundary conditions
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above. This is because the energy momentum pseudo tensor can be written
as a divergence of a third rank pseudo tensor, as we can see from (17) and
(18). Taking, for example, the expression from (18), we can write this (pseudo-)
tensor as a sum of anti-symmetric (pseudo-) tensors:
Θµν =
1
16piG
(
∂
∂xα
∂
∂xβ
[
α
√−g(ηµνgαβ − ηανgµβ)+
β
√
−gˆ(ηµν gˆαβ − ηαν gˆµβ)
]
+
∂
∂xβ
∂
∂xα
[
α
√
−g(ηαβgµν − ηµβgαν)+
β
√
−gˆ(ηαβ gˆµν − ηµβ gˆαν)
])
=
=
1
16piG
(
∂
∂xα
Aαµν +
∂
∂xβ
Bβµν
)
where Aαµν = −Aµαν and Bβµν = −Bµβν so its whole space integral reduces
to an ordinary surface integral at infinity, which is not changed by the above
coordinate transformation, i.e.∫ (
∂
∂xα
Aα0ν +
∂
∂xβ
Bβ0ν
)
d3x =
∫ (
∂
∂xi
Ai0ν +
∂
∂xi
Bi0ν
)
i=1,2,3
d3x
=
∫ (
Ai0ν +Bi0ν
)
dSi
(2)
Specifically, we get for the total energy and total momentum
P νtotal = P
ν + Pˆ ν (19)
where
P 0 ≡ α
16piG
∫ (
∂gij
∂xj
− ∂gjj
∂xi
)
dsi Pˆ 0 ≡ β
16piG
∫ (
∂gˆij
∂xj
− ∂gˆjj
∂xi
)
dsi (20)
and
P j ≡ α
16piG
∫ (
∂gkk
∂x0
∂gk0
∂xk
δij +
∂gj0
∂xi
− ∂gij
∂x0
)
dsi Pˆ j ≡ β
16piG
∫ (
∂gˆkk
∂x0
∂gˆk0
∂xk
δij +
∂gˆj0
∂xi
− ∂gˆij
∂x0
)
dsi
(21)
3 Applications- positive energy theorem
In the following we prove that the total energy of a multi-metric system is
not negative under specific conditions. in the following we assume that the
coefficients are positive, and we’ll discuss later the other cases. This proof
is a generalization of Witten’s elegant proof ([11], [12]) of the positive energy
theorem for general relativity. Defining the tetrads
gµν = eµaη
abeνb gˆ
µν = eˆµaη
abeˆνb
(indices a, b, c in the tetrads are local) ,and imposing the conditions
e00 = 1; e
00 = e00 = −1; eα0 = ei0 = 0
.
(i = 1, 2, 3), connection coefficients
ωµ,ab =
1
2e
c
µ(Ωcab − Ωabc − Ωbca) Ωcab = eνc(eµa∂µeνb − eµb ∂µeνa)
ωˆµ,ab =
1
2 eˆ
c
µ(Ωˆcab − Ωˆabc − Ωˆbca) Ωˆcab = eˆνc(eˆµa∂µeˆνb − eˆµb ∂µeˆνa)
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and the three-dimensional Dirac operators
D = eiaγ
a∇i Dˆ = eˆiaγα∇ˆi
∇µ = ∂µ + 18ωµ,ab[γa, γb] ∇ˆµ = ∂µ + 18 ωˆµ,ab[γa, γb]
Ordinary matter fields in general relativity fulfil the “positivity condition” for
their energy momentum tensor. If the condition holds for each field equation in
a multiple metric theory, then there is a unique solution for the Dirac equations
Dψ = 0 Dˆψˆ = 0
with asymptotic behaviour
ψ = ψ0 +O
(
1
r
)
∂µψ = O
(
1
r1+α
)
α > 12
ψˆ = ψˆ0 +O
(
1
r
)
∂µψˆ = O
(
1
r1+αˆ
)
αˆ > 12
for every constant spinors ψ0, ψˆ0.
The following equations hold:∫
e
[
1
2ψ
∗(T00 + T0ke
k
αγ
0γα)ψ + α(∇iψ)∗(∇iψ)
]
d3x =14 (E(ψ
∗
0ψ0) + Pα(ψ
∗
0γ
0γαψ0))∫
eˆ
[
1
2 ψˆ
∗(Tˆ00 + Tˆ0ke
k
αγ
0γα)ψˆ + β(∇iψˆ)
∗
(∇iψˆ)
]
d3x =14 (Eˆ(ψˆ
∗
0ψˆ0) + Pˆα(ψˆ
∗
0γ
0γαψˆ0))
(22)
where Pα ≡ ηαβPα; Pˆα ≡ ηαβ Pˆα and E, Eˆ, Pˆ j, Pˆ j are defined by equations (20)
and (21). From this set of equations we have
E ≥ |Pα| Eˆ ≥
∣∣∣Pˆα∣∣∣ (23)
Now we use the proof that the total canonical energy is the sum of the ener-
gies that correspond to each metric, and the same for the canonical momentum
(equation (19)), and conclude that the total energy is not negative and that the
Lorentz vector P νtotal is not space-like.
That the total energy is zero if both metrics are flat can be seen immediately
by placing ηµν in (18).
To prove that the total energy is zero only if all energy momentum tensors
are zero and both metrics are flat, we use (23) to note that if E, Eˆ = 0 then
Pα, Pˆα = 0. Placing these in (22) we get the equations
∇iψ = 0 ∇iψˆ = 0 (24)
and
ψ∗(T00 + T0ke
k
αγ
0γα)ψ = 0 ψˆ∗(Tˆ00 + Tˆ0keˆ
k
αγ
0γα)ψˆ = 0 (25)
Using (24) we can show than the curvature tensors on some initial surface x0 = 0
are zero.
Rikab = 0 Rˆikab = 0 (26)
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Using (25) we can show that
T00 = 0 Tˆ00 = 0 (27)
From (27) and the “positivity condition” we get Tµν = 0 Tˆµν = 0 , so Rµν =
0 Rˆµν = 0 . Using this and (26) we get R0k0a = 0 Rˆ0k0a = 0, so altogether
we get
Rµνab = 0 Rˆµνab = 0
on the surface x0 = 0
We proved that the energies E, Eˆ are separately conserved, i.e., constant in
time, so the above proof is valid for every surface x0; the curvature tensors are
then zero in all points, and both metrics are flat. This completes the proof that
the total energy is positive for every non-trivial configuration in multi-metric
theories.
The proof was constructed under the assumption that the coefficients α, β of
the “kinetic” terms are both positive. This assumption is crucial. Moreover, if
one of the coefficient is negative, say β < 0, and it’s corresponding interaction
energy-momentum tensor Tˆµν fulfils the “negativity condition”,so that the ma-
trix Tˆ00 + Tˆ0ke
k
αγ
0γα has only negative eigenvalues, then we can use the above
construction to prove that the energy Eˆ is negative or can be made negative with
some Lorentz transformation. In that case, the total energy may be positive or
negative for different multi-metric field configurations. These considerations can
be used to exclude theories with non-positive coefficients.
4 Hamiltonian formalism
In this section we present the Hamiltonian, the canonical variables and the
constraint surfaces explicitly for some multimetric interactions.
The theory of constrained Hamiltonian system was introduced by Dirac [13],[14],
and extended by him to general relativity. One of the best known and most used
Hamiltonian formalism for general relativity is the ADM or 3+1 formalism [15].
To apply the Hamiltonian formalism in relativistic field theory, we need to
separate the spacetime into space + time, and to distinguish the time coordinate
from the other coordinates. This separation was done in previous sections, when
we chose the boundary conditions for the metric.
In order to find the canonical variables of a multi-metric theory, We want to
follow the path shown in [16] the canonical variables for GR are identified. We
define the conditions under which one can proceed on this route.
We present the gravitational parts of the action (1) in the form
∫ (
αLG + βLˆG
)
d4x =
= ∫


α
16piG
(−Γρµρ∂ν (√−ggµν)+ Γρµν∂ρ (√−ggµν)+√−ggµν (ΓρµσΓσρν − ΓρµνΓσρσ))+
β
16piG
(
−Γˆρµρ∂ν
(√
−gˆgˆµν
)
+ Γˆρµν∂ρ
(√
−gˆgˆµν
)
+
√
−gˆgˆµν
(
ΓˆρµσΓˆ
σ
ρν − Γˆρµν Γˆσρσ
))

 d4x
(28)
so that the fields Γρµν and Γˆ
ρ
µν are varied independently and not as functionals
of the metrics. If the interaction Lint depends only on the metrics on not on
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their derivatives, then the equations obtained from variation of the metrics
are identical to the equations of motion in the “metric” formalism, and the
equations obtained from variations of the connection coefficients Γρµν give the
desired connection between them and the metrics as Christoffel connections.
The condition that the interaction depends only on the metrics is sufficient,
however not necessary, for getting the correct equations of motions, but we
need it for a later argument.
Under the same assumption that the interaction depends only on the metrics
and not on their derivatives, the constraint equations
δS
δΓρµν
=
∂L
∂Γρµν
= 0
δS
δΓˆρµν
=
∂L
∂Γˆρµν
= 0 (29)
for (ρ, µ, ν ) = (0, j, k), contain the fields Γ0i0,Γ
k
i0,Γ
k
ij , Γˆ
0
i0, Γˆ
k
i0, Γˆ
k
ij in a linear
manner, so these fields can be expressed as a solution of (29) with the fields
(Γ0ik, h
µν , Γˆ0ik, hˆ
µν) where hµν ≡ √−ggµν and hˆµν ≡ √−gˆgˆµν , or alternatively
with the variables (piik, q
ik, h0µ, pˆiik, qˆ
ik, hˆ0µ) where
qik ≡ h0ih0k − h00hik, qˆik ≡ hˆ0ihˆ0k − hˆ00hˆik
piik ≡ − 1
h00
Γ0ik, pˆiik ≡ −
1
hˆ00
Γˆ0ik
(30)
The addends in the Lagrangian that contain time derivative can be collected
and written in the form
αpiik∂0q
ik + βpˆiik∂0qˆ
ik (31)
That is, in a form of a kinetic term with canonical variables.
If T0µ ≡ 2√−g δSintδg0µ and Tˆ0µ ≡ 2√−gˆ δSintδgˆ0µ can be written as functionals of (qik, qˆik),
then, under the assumption of double-Minkowski boundary conditions (and
therefore dropping total 3-divergence terms), it is possible to put the rest of
the Lagrangian in the form
−HTot −
(
1
h00
+ 1
)
C0 −
(
h0k
h00
)
Ck −
(
1
hˆ00
+ 1
)
Cˆ0 −
(
hˆ0k
hˆ00
)
Cˆk (32)
with
HTot = H + Hˆ
H = −C0 − α
16piG
∂i∂kq
ik ; Hˆ = −Cˆ0 − α
16piG
∂i∂k qˆ
ik
(33)
and
C0 =
α
16piG
(
qikqmn (piikpimn − piikpimn) + γR3
)− T00 Cˆ0 = β
16piG
(
qˆik qˆmn (pˆiikpˆimn − pˆiikpˆimn) + γˆRˆ3
)
− Tˆ00
Ck =
α
16piG
(
2∇k
(
qilpiil
)− 2∇l (qilpiik))− T0k Cˆk = β
16piG
(
2∇ˆk
(
qˆilpˆiil
)− 2∇ˆl (qˆilpˆiik))− Tˆ0k
(34)
where R3, Rˆ3 are the curvatures of the sub-metrics on the surfaces x
0 = const
and are expressed with the canonical variables and not with derivatives, in the
same way that the four dimensional curvature scalars are expressed with metrics
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and connections. In this form, one can see that HTot is actually the general-
ized Hamiltonian of the system,
(
C0, Ck, Cˆ0, Cˆk
)
define constraint surfaces, and
their coefficients that are composed from the fields h0µ and hˆ0µ, are Lagrange
multipliers.
In this case the number of degrees of freedom is the number of metric fields
multiplies the number of degrees of freedom of general relativity (not includ-
ing matter and other non-metric fields). In the general case, however, this is
not necessarily true, even if the interaction depends only on the metrics. In
general relativity, Bianchi identities reduce the number of independent fields
(metric terms). In multi-metric theories, Bianchi identities are still valid, but
the identities themselves are not independent, so the number of the fields which
are constraines by these identities is smaller than the number of metrics times
four Bianchi identities. Another way to look on this issue is to by counting
independent variations on the surfaces x0 = const. We can, with a suitable co-
ordinate transformation, make any change of the value of the “velocities” gµ0,0
without changing the value of the fields gµν and the velocities gik,0, but the
same transformation determines the change in gˆµ0,0.
We see that the energy obtained, which is actually the numerical value of the
Hamiltonian on the constraint surfaces, can be presented as a sum of two expres-
sions, each one depending functionally on one metric. This is a result already
proved in a previous section. It should be emphasized, however, that we proved
the result for much more general case than the one discussed in this chapter.
It is true in principal, that if we get the form of the generalized Hamiltonian
and the constraints, one can calculate the energy. But finding this form, in the
more general case where the interaction depends also on metric derivatives, may
be a difficult task, and is a matter for a further research.
5 Summary and discussion
We saw that energy, momentum and angular momentum of a multi-metric the-
ory with interaction can be well defined and divided into independently con-
served quantities, where each one depends numerically on one metric. With ap-
propriate boundary conditions, total energy and momentum can be presented
as surface integrals. Although we have in general, only one diffeomorphism
invariance, the required boundary conditions are kept under general Poincare
transformation of the coordinated. These results were applied in a generalization
of positive energy theorem, and we established a criterion for excluding multi-
metric theories with non-positive coefficients, based on the theorem’s proof. In
the last section we presented an Hamiltonian formalism for multi-metric theo-
ries with interactions which does not involve metric derivatives, and identified
the canonical variables and constraint surfaces.
The multi-metric theory, like Einstein’s general relativity, is constrained, and
its naive Hamiltonian formulation, with Legendre transform and the total en-
ergy expression, must be modified to take into account these constraints. This
can be done by adding to the total energy expression some combination of the
constraints, with coefficients which are determined by the algorithm of Dirac
[13],[14]. The ADM Hamiltonian formalism [15] or an equivalent one [?] may be
used to build an Hamiltonian for some multi-metric system, based on the proof
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that multi-metric system energy is the simple sum of the canonical energies for
general relativity, as defined by the ADM expression.
The formalism that is presented in this paper can, in principal, be used for
elimination of bi(multi) metric theories by experiment. For example, if the in-
teraction term in specific instant is zero (the interaction term does not depends
explicitly in space-time coordinates, but the fields are) we can see if there is
an “energy leak”. Since we have shown energy conservation for each metric,
non-zero interaction is a necessary and sufficient condition for a change in the
energy flux of the gravity, which is a measurable quantity. That is, if there is no
change in the gravity energy-flux, there is no multi-metric interaction. This is
not a trivial result: If energy conservation were only for the whole Lagrangian
system, then there would have been the possibility that a change in the interac-
tion energy is approximately equal in magnitude and with the opposite sign of
the change in the energy of the other metric fields, so the gravity energy would
still be conserved.
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